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The aim of the paper is to give a theorem about impulsive degenerate strong non- 
linear parabolic functional-differential inequalities in arbitrary parabolic domain 
and two corollaries about weak and strong inequalities. The paper is a direct 
generalization and a continuation, among other things. of the author’s previous 
work. The results obtained in this paper can be applied for some impulsive 
problems in the theories of diffusion and heat conduction with better effects than 
analogous known classical parabolic problems. 1’ 1992 Academic Press, Inc 
1. INTRODUCTION 
In this paper we prove a theorem about impulsive degenerate strong 
nonlinear parabolic functional-differential inequalities. The following 
diagonal system of the inequalities 
F’(f, -v, u(r, Sk ui(t, x). u;.(r, x), dJt, x), u) 
2 F’(f, I, 14r, .x-j, ~f(r, x), ~‘,(t, x), ~!f~~(f, I), Ll) (i= I , ..., m), 
where (r,x)EDpjU:=,((fi)xR”), to<tl<tz< ... <t,<t,+T<m and 
D, is a relatively arbitrary set more general than the cylindrical domain 
(to, t, + T) x R c R” + ‘, is considered. In the expressions 
F’(t, x, w( t, AT)? ,t$( t, x), dr(t, x), rr.‘,,(t, x). M’) (i= 1, . . . . m) 
the symbol w denotes the mapping 
\t’: b3 (I, s) + w(t, x) = (w’(t, x), . . . . wm(t, S))E R”‘, 
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b is an arbitrary set such that Dn [[r,, to+ T) x Rx] c b c 
( - cr, I, + T) x R”, NV~( t, X) = grad ‘; uli( I, X) (i = I, . . . . m) and 
(i = 1, . . . . m). We assume that at the points t, (i= 1, . . . . 1.) only the finite 
limits u~(t+, X) (i= 1, . . . . r) exist for all admissible .YE R” and )v( ti, X) = 
u*( r+, s) (i = 1, . . . . r) for all admissible .Y E R”. 
As a consequence of the theorem about the impulsive degenerate strong 
nonlinear parabolic functional-differential inequalities we obtain two 
corollaries about impulsive degenerate weak and strong nonlinear 
parabolic inequalities. 
Since, analogously as in [2], many processes in the theories of diffusion 
and heat conduction are characterized by the fact that at certain moments 
of time they experience a change of amount of a diffused substance or a 
change of the temperature of a heated substance then impulsive parabolic 
differential inequalities can be applied with better effects than analogous 
known classical parabolic problems. 
The results obtained in this paper are direct generalizations of those 
given by the author in [l] and a continuation, among other things, of the 
author’s publications [2-51. If the impulsive problems considered in the 
paper are reduced to classical problems then these problems were con- 
sidered by the author in [l]. In this particular case the classical problems 
considered in [l] are generalizations of some results from [9-l 1, 71. 
Impulsive differential and integrodifferential problems, but for ordinary 
equations, were considered among other things by Lakshmikantham, 
Bainov, and Simeonov [S], and by Erbe and Liu [6]. 
2. PRELIMINARIES 
The notation, definitions, and assumptions given in this section are valid 
throughout the paper. We use the notation: 
No = (0, 1, 2, . . . ). 
For any vectors z = (z’, . . . . Y) E R”, i = (z”, . . . . 2”) E R” we write z ,< i in 
the sense z’<i’ (i= 1, . . . . m). 
By D we denote an arbitrary open subset of (to, t, + T) x R”, where t, is 
a real finite number and t, + T< ccj, such that the projection of D on the 
t-axis is the interval (to, t, + T). 
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For any set EC R”+’ and for any t, < i 6 f, + Tb s. we define the set 
E’= En [(to. i)x R”] 
By D, we denote the subset of the set Dfo+ ‘, where to + T< CC, satisfying 
the condition that for any (7, 2) E D, there exists a positive number Y such 
that 
(x;-,T,)‘<r,f<7 c D. 
I= I 
It is clear that D c D,. 
For every fixed t E [to, t, + T), where t, + T d ‘;~a, we define the sets 
and 
s = int{-YE R”: (to, .Y)ED} 
i 
for f=t,, 
I (x E R”: (t, s) E D, ) for t#t,, 
or :=dn((t)xR”). 
It is very easy to see, from the definition of the set D,, that S, is open 
in R”. 
Let t,, t,, . . . . t, be real numbers such that 
t,<t,<t-,< ... <r,<t,+TQx’ (r E No). 
We introduce the sets 
Dj, := [(t;, t,, L) x R”] n D, (i=O, 1 > ..., r-l), 
D; := [(r,, t, + T) x R”] n D,, to + T< 8x1, 
D .= P.L’ . fi Db and 
,=O 
CT(. := ,o, a,,. 
Let B be an arbitrary set such that 
D n [[r,, to + T) x R”] c b c ( -m-‘, to + T) x R”, to+ T< cc’. 
We denote by Z the part of (dD\U;= , aJO+ ‘, where to + T6 #CO, which 
is disjoint with D,. 
Assumption Z. For an arbitrary lixed index in (1, . . . . m} we assume 
that C; is subset (possibly empty) of Z and I’ is a direction such that for 
every (t, x) E Z, the direction I’(t, AT) is orthogonal to the t-axis and the 
interior of some segment starting at (t, x) of the straight half line from 
(t, x) in the direction I’ is contained in D,. 
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We say that for an arbitrary fixed in (1, . . . . m} a function H”: b 4 R has 
finite r-right-hand sided limits in crow oL u (Z‘i.2,) u { 8~ > if for every 
(f, .?)~~,,ucr~,u(Z‘$,) and for every ~~P[~,,ua~.u(C\~~)], where 
P[G,~u (T[,u (PJ,)] is the projection of (r,,u oL.u (Z\Ci) on the f-axis, 
and for each sequence (t”, sl’) E D, such that t” > i, I” + i, and 
(t”, s’) -+ (1. .f) or 1.~~1 + X, the limit 
is finite. Obviously, this limit does not depend on the choice of the 
sequence (t’, x”) and will be denoted by w’(i+, .?) and &( I+, rx)), respec- 
tively. 
By PC,,,(d) we denote the space of mappings 
1~: 63 (t, x) + w(t, x) = (d(r, x), . . . . w”‘(t, x)) E R” 
such that, for every in ( 1, . . . . m}, IV i is continuous in (D, uZ,)\cc:, has 
finite r-right-hand sided limits n*‘( t +, x), brl( t +, x ) in crrO u bc. u (Z\Zj) u 
{K> }, and &( t, x) := H,‘( t +, x), cll’( t, ‘~3’ ) := ic’( t +, zc ) for every t E glo u 
crL,u (.L’\.Ej) and for all admissible X, respectively. 
By X we denote a fixed subset (not necessarily a linear subspace) of 
PC,(d) and by M, X,( R) we denote the space of real square symmetric 
matrices r = [r,k], X ,*. 
For IV, 1; E PC,(B) and for every fixed t < t, + T, we write ~1’6’ G if 
d(i, x)<E’(i, x) for (i, x)ED, 76 t (i= 1, . . . . ml. 
Given the sets C, (i = 1, . . . . m) and the directions 1’ (i = 1, . . . . m) satisfying 
Assumption Z, a function \V E PC,,(d) is called C-regular in D,,,r if elf, rr’i, 
tr;l- (i = 1, . ..) m) are continuous in D,.,! and the derivatives dw’ldl’ 
(i= 1, . ..) m) are finite for every point of Z; (i= 1, . . . . m), respectively. 
By F’ (i= 1, . . . . m) we denote the mappings 
F’:D,,.xR”‘xRxR”xM,,~,,(R)xPC,,(d)~(t,.u,~,p,q,r,~t~) 
+ F’( t, s, z, p, q. Y, W)E R (i’ 1, ..,) m). 
We use the notation 
F’[ t, x, w] := F’( 1, x, w( t, x), I+,;( t, vu), w;.( r, x), wi,,( t, x), w) (i= 1 7 . . . . m) 
for all (t, X) E D, (, and 12’ E PC,,(d). 
C-regular in Dp,(, functions u and v belonging to X are called Z-regular 
solutions of the system 
Fi[t, x, u] > Fi[t, x, ti] (i= 1, . . . . m) 
in Dp,L:, if they satisfy (2.1) for all (t, X)E D,,,:. 
(2.1) 
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The functions F’ (i = 1, . . . . WI) are said to be parabolic with respect to LI 
in D,,,r if for any two real symmetric matrices r = [+.I. F= [iik] E 
44, y,,(R) and for (t, x) E D,, c: the following implications: 
r f ? * F’( t, x, 24( t, x), u;( t, s), l41( t, x), r, u) 
< F’(t, x, u(t, x), uf(t, x), u:(t, x), ?, u) (i= 1, . . . . m) (2.2) 
hold. The inequality r d r’ means that CI,=, (rjk - ?,,) ,I,%, 6 0 for any 
vector (A,, . . . . &,) E R”. 
3. THEOREM ABOUT STRONG INEQUALITIES 
THEOREM 3.1. Assume that 
1. The functions F’ (i = 1, . . . . m) are weakly increasing with respect to 
-1 ,i- I A+ I vrn - ( . . . ) - ) I , . . . , & (i= 1, . . . . m), respectively. Moreover, F’ (i= 1, . . . . m) 
are bceakly increasing with respect to MJ in the sense of the relation < ’ .for 
all t E (t,, t, + T). 
2. The inequalities 
F’( t, s, z, p, q, r, cr) 2 F’(t, s, z, @, q, r, w) (i= 1, . . . . ~2) 
are satisfied for (t, x) E D,, [!, z E R’“, p c Jj, q E R”, r E M,, x JR), w E X. 
3. For the given sets L’, (i = 1, . . . . m) and the directions I’ (i = 1, . . . . m) 
satisf$ng Assumption Z, for the given functions a’( t, x) 3 0 (i = 1, . . . . m) 
defined for (t, x) E Ci (i = 1, . . . . m), respectively, and for the given real func- 
tions &(t, s, 2) (i= 1, . . . . m) defined for (t, x) EL’, (i= 1, . . . . m), respectively, 
- E R and weakly increasing \i*ith respect to z, the functions u and ~7 belonging L 
to X satisfi the inequalities 
u’( t, x) < Lli( t, x) (3.1) 
fir (t,?C)E~,,u~L:u(~'\,ci)u{x) (i=l,...,m), 
d’(t, -y, u’(t, X)) - &( t, x, vi( t, x)) < a’(t, x) 
d[u’(t, x) - I+( I, x)] 
dl’ (3.2) 
for (t, x) E Zi (i= 1, . . . . m) and 
u( t, x) < v( t, x) for (t, x) E b\,,D. (3.3) 
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4. F’ (i = 1, . . . . m) are parabolic with respect to u in D,,[!. 
5. u and ~1 are Z-regular solutions of qwem (2.1) in D,,,-. 
Then 
u( t, s) < o( t, s) for (t, X)E D,. (3.4) 
Proof: To prove Theorem 3.1 it is enough to show this theorem for 
r 2 1, since for r = 0 Theorem 3.1 is reduced to Theorem 2.1 from [ 11. 
Assume, therefore, that r >, 1 and consider the following problems: 
F’[t,x,u] > Fi[t,x,c] for (t, S)E [(t,, T,)x R”] n D, (i= l,..., m), 
u’(t, .v)<r’(t, x) for (t, .Y)E(~,,~(Z‘.~,E~)U {z}) 
n ([to, T,) x R”) (i= 1, . . . . m), 
fji( t, x, ui( t, x)) - &(t, x, t+( t, x)) < a’( t, x) 
d[u’(t, x)-c’(t, x)] [ (3 5) 
dli 
. 
1 
for (t, .x)~C~n((t,,, T,)xR”) (i= 1, . . . . m), 
u( t, x) < c( t, x) for (t, x) E (b,:6) n (( - ‘CC, T, ) x R”), 
T, is an arbitrary fixed number such that to < T, < t, , 
F’[t, I, u] > F’[t, ?I, tl] for (t, X)E [(t,, T,,,) x R”] n D, 
(i = 1, . . . . m; j = 1, . . . . r - 1 ), 
u’( t, x) < u’( t, x) for (t, X) E (a,, u (Z’J,) u ( 8x } ) 
n([tj, T,+,)xR”) (i= 1, . . . . m; j= 1, . . . . r- I), 
d’( t, .Y, uy t, x)) - qqt, x, D’(& .u)) 
< a’( t, x) 
d[u’( t, x) - tj’( t, x)] 
dl’ 
for (t,x)~Z~n((t,, T,+,)xR”) (i= 1, . . . . m;j= 1, . . . . r- l), 
u(I,x)<u(~,s) for (t,x)~(b\D)n([r,, T,+,)xR”) 
(i= 1, . . . . m: j= 1, . . . . r- 1). 
rj,, (j= 1, . . . . r - 1) are arbitrary fixed numbers such that 
t,< T,,, <t,+, (j= I, . . . . r- l), 
* (3.6) 
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F’[ t, x, u] > F’[ f, x, P] for (t. .u) E [(t,, f0 + T) x R”] n D, 
(i= 1, . . . . m), 
u’(t,.~)<t’~(t,x) for (t,s)~(~,~u(~:‘.?~,)u {X8;) 
n([t,, T,+,)xR”) (i=l,..., nz), 
d’(r,.u,U’(t,.Y))--i(t,.Y, d(L.U)) 
< a’( t, x) 
d[u’( t, x) - o’( t, x)] 
d’ 
for (t,~)~Z~n((t,, T,+,)xR”) (i= 1, . . . . m), 
~(t,x)<t(t,.x) for (t,.u)~(d\D)n([t,, T,+,)xR”), 
T, is an arbitrary fixed number such that I, < T, + , < t, + T. 
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(3.7) 
: 
Applying Theorem 3.1, where p = 0, to problem (3.5)-( 3.7), we obtain 
u( t, x) < I’( t, x) (3.8) 
for 
,- I 
(t,~)~[D,n((t,, T,)xR”)lu iJ CD,n(Ct,, T,+,)xR”)l 
u[D n([t t +T)xR )A:’ n P r7 0 
Since T,) T,, . . . . T, are arbitrary numbers such that 
‘j < Tj + I < ‘I+ I (j = 0, 1, . ..) r - 1) 
then, from (3.8), 
u( t, x) < v( t, x) 
for 
(t,,r)~CD,~((t,,t,)xR”)Iu (J CD,n(Crj,ti+l)xR”)I 
,=I 
u[D,n([t,,t,+T)xR”)]=D,n((t,,t,+T)xR”)=D,. 
Therefore, the proof of Theorem 3.1 is complete. 
Remark 3.1. Theorem 3.1 is true if, instead of the parabolicity with 
respect to U, we assume the parabolicity with respect to t’. 
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4. COROLLARIES FROM THE THEOREM ABOUT STRONG INEQUALITIES 
As a consequence of Theorem 3.1 we obtain the following two theorems: 
THEOREM 4.1. Suppose that assumptions 1 and 2 qf Theorem 3.1 are 
satisfied and assume, additional(y, that: 
6. For the given sets Z, (i = 1, . . . . m ) and the directions I’ (i = 1, . . . . m ) 
sati$ving Assumption Z, for the given functions a’( t, x) 2 0 (i = 1, ,.., m), 
defined for (t, X) E Zi (i = 1, . . . . m). respectively, and for the given real func- 
tions d’( t, x, z), defined for (t, x) E Z, (i = 1, . . . . m), respective!,>, 2 E R, 
n*eakly increasing w,ith respect to 2 und such that c$‘( t, .I-, - 2) = -&( t. .Y, z) 
for (t,s)EL, (i= 1, . . . . m), I E R, the .functions u and v 3 0 belonging to X 
and being Z-regular in D,.,. satisfy the inequalities 
Ju’(t, s)l < Lqt. s) 
.for (t, x) E or0 u oLJ u (ZjZi) u { rj j, (i = 1, . . . . m), 
dv’( t, x) 
for (t, ,Y)EZ, (i= 1, . . . . m) and 
lu(t, x)1 < v(r, x) for (t, .Y) E C.D. 
7. F’ (i= 1, . . . . m) are parabolic with respect to u and -v in D,, c and 
F’(t,.u, -z, -p. -4, -r, -MT)= -F’(t, x, 2, p,q, r, n*) (4.1) 
for (t, x) E D,, L., 2 ER”‘,~ER, qER”, rEM,,.,,(R), ~b’~X(i=l,..., m). 
8. Thelefunctions u and v satisfy the system qf equations 
F’[t, Y, u] = 0 (i= I, . . . . m) 
and the system of inequalities 
F’[t, x, o] < 0 (i= 1 7 . . . . WlJ 
.for (t, x)s D,.L:. 
Under these assumptions 
lu(t, x)1 < v(t, x) ,for (t, x)E D,. (4.2) 
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ProoJ: The functions u and t’ satisfy all the assumptions of Theorem 3.1 
and consequently 
u( t, x) < v( t, x) for (t, x)ED, 
Then, to prove (4.2) it is sufficient to show the following inequality 
- v(t, s) < u( t, x) for (t, .Y)ED,. (4.3 1 
For this purpose observe that, according to assumption 6, 
for (t,?~)Eb,~u~~.u(~I::?~~)u {#x-> (i= 1, . . . . nz), 
qv(t, x, -v’(t, x)) -&(t, x, u’(t, s)) <a’(t, s) 
d[ - vi( t, x) - u’( t, x)] 
dl’ 
for (t, .Y)EZ, (i= 1, . . . . WI) and 
-V(f,X)<U(f,.K) for (t, x) E d\D. 
Moreover, assumptions 8 and (4.1) imply 
F’[r, x, -c] > F’[t, x, u] (i= 1 , . ..) ml 
for (t, x)ED,,.. 
Then (4.3) holds, because the functions --u and u satisfy all the assump- 
tions of Theorem 3.1 (with u replaced by --I’ and t’ by u). The proof of 
Theorem 4.1 is complete. 
THEOREM 4.2. Assume that: 
(i) F is a function such that 
F: D,. L’ x R x R x R” x M, x ,,( R ) 3 ( t, x, -7, p, q, r ) + F( t, x, P, p, q, r ) E R. 
(ii) F is weakly decreasing \i,ith respect to z and p in Dp9,:. 
(iii) For the given set Z, c Z and the direction 1 satis~~~ing Assump- 
tion C, for the given function a( t, x) > 0, defined for (t, x) E Z,, and for the 
given real function &t, x, z), defined for (t, x) E Z,, z E R and strictly 
increasing with respect to 2, the functions u and L belonging to X satisfy the 
inequalities 
u( t, K) < v( t, x) 
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,for (t, x) E or0 u c7(,‘u (Z’$:,) u {<cc, ) and 
4th -Y, u(t, x,) - f$(t, s, u(t, .I-)) < a(t, s) d[“(f, I)d; df, s)l 
for (t, s)EZ,. 
(iv) F is parabolic Ivith respect to u in D,.,.. 
(v) The functions 14 and o are Z-regular solutions of the inequality 
F(f, x, u(f, x), uJf, x), u,(f, x), u,,(f, x)) 
> F(t, 9, u(r, x), c,(f, s), v,(t, x), c ,.,. (t, x)) (4.4) 
in D, L.. 
Then 
U(f,.Y)<t’(f,x) ,for (t,x)EDp. (4.5 
Proof: Let E > 0 and let 
cq f, x) = u( f, x) + E for (t, x)E D,. (4.6 
Observe that by (4.4), (4.6) and by assumption (ii) of Theorem 4.2 we 
obtain 
F(t, -Y, u(t, -Y), u,(t, .Y), u.,(t, .Y), Ut, .Y)) 
- F( t, x, DE( t, x), u;( f, x), cl:.( t. x), LlE,,( t, x)) 
> F(f, -Y, v(t, x), U,(t, s), c,(t, x), o.,,(f, x)) 
- F( f, x, v”( t, s), o;( t, x), v”,( t, x), tl”,,( t, x)) 
20 for (f. x) E D,.(-. 
Moreover, 
u( f, x) < vy t, x) for (t, .~)~6,,ucr~~u(Z\Z.+)u {cc), 
and 
<act, x) dCu(t, x) - u(f, x)1 dl 
=a(t, x) 
d[u( t, x) - tj”( t, x)] 
dl 
for (t, x)EX,. 
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Then 
u( t, x) < u”( t, x) for (t, x)ED,, 
because the functions u and L” satisfy all the assumptions of Theorem 3.1. 
Hence (4.5) holds. 
5. REMARK 
Since the functions F’ (i = 1, . . . . m) are only weakly decreasing with 
respect to p then these functions may be, particularly, defined by the 
following formulae: 
F’( t, x, z, p, q, r, rc) := fi( t, ?I, 2, q, r, w)-c,(t, x)p (i= 1, . . . . m), 
where (t,x)eD,,., .zER~, PER, qER”, rEM,.,,(R), WEX, and 
c,(t, x)BO (i’ 1, . . . . m) for (t, x) ED, LI. Therefore, it is better to consider 
parabolic degenerate problems than parabolic classical problems. 
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